
Math 451: Introduction to General Topology
Lecture 23

Examples. (a) For 15d
, every

bed set in IRC is totally bod.

I
Proof

.

If a set is bold then it is contained in a large box B := (n
,
u)

,
so it suffices

'It's ...In ,

to show that each box of the form I9
,
where I' ID is an open interval,

is totally bod. But for each 320
, taking be radiamtt), we can split I into k

equal intervals , each having diam = diamit/ : I = VII
.

Then
ick

B = V
li... idea

Fi
,

* Fin *... X Eid
and each box [i

,
x Fix ... xIn has side langle d.= dia (i)/n

,
so the diam B in

the Euclidean distance is = vo ... +d = V . V = M . diam(1)/1 < 2.
-

(b) I is totally bod Cany KM) but INN isn't
.
(HW)

For a finite collection G of Gold sels in a metric space , denote diam P := max diam(P).
PEO

Def
.

A partition of a set X is a collection P of pairwise disjoint subsets of X whose union is X,

i. e . X = UP = Up. We denote Mis by X = O to indicate that the union is disjoint.
Pep

Note that a partition of X is in particular a cover of X.

Disjontification. For a finite sequence Ao
,Als...s An

of subs
,
their disjointification is the squence Ad, Ai, .... An

Where Ar := An Ai Nearly ,
the ste Ap

.....
An we pairwise disjoint , Ar = An , andWA=A

Obs
. A metric space X is totally bod < FS207 Quite partition & of X with diamts9 .

Proof.. By def, and for >
,
one just dispontifies finite covers.

For covers leg partitions) 11 and W of
a set X

,
we say

that the refines O if each HEL is con-

tained in some VeU.



DisBy
Refinement. In a metric space X

,
if Po and P

, are finite partitious of X then
Pors

&8 1 P : = [Po1P, : PoEDo and Pep , 3 is a finite partition of X refining #
Po
, Po

both Bo and P, and diam (0. 1P.) = min(diam Po
,
diam P.

). Poz

Po , 1 Pi

Cor
.

A metric space I, 1) is totally bod as 7
sequence (Pulnes of finite partitious of X with

diam (Pu) < In and Set
. Puts refines Ou.

Proof.. By def. => . For each usl , there is a finite partition On of X with diam Pn In.
- 1

It(01((1) ... 18h) , i . e. P, and Pati= E1 Puts (inductively). Them Pays refines On

and diam En = diam Enh .

Def . A metric space has the Heine-Bord property if it is complete and totally bod.

The Heine-Bor) Theorem
.

For a metric space X , TFAE :

(1) X is compact , i .e . every open cover has a finite subcover.

(2) X is sequentially compact , i . e . every sequency has a convergent subsequence.
(3) X has the Heire-Bowl property ,

i
. e . X is complete and totally bod.

Proof
.

(1) (2)
. In HW you're asked to

prove that this implication holds to all 1st utbl spaces more generally.

(2) => (3). For completeness ,

take a lauchy sequence , so by (2) it has a convergent subsequence,
lease the whole sequence converges by the Cauchy property.

For total boldness
, suppose X is not totally bod , so 7320 sit

.
- finite cover of X with

rels of diam 2
.

Let J := 3
·
We build a sequence (Xu) of points of pairwise distances,

as follows : Let XoEX be any point , and assuming Exo
....,
Xun] are defined

,
consider

On:= (By(o) , ... , Br(xn-1)] . This is a finite collection of rate of diam 25= 3/2 , here

O is not a cover of X ,
10 pick XneX\VP = X) WBrkil , so dixn , xi) Vica.

This finishes the construction of the sequence (u).
Now (xn) has no Lanchy subsequence , hence no convergent subsequence.



(3)= (1)
.
Let 1 be an open cover of X and

suppose towards a contradiction that it has

no finite subcover
.

Total bildness of X gives us a sequence (Pu) of finite partitious of
X with diam&sty and such Mat Pats refines On

.

We now do the same argument
as in Me proof that 2 is compact , using these On as the "levels of the tree". Namely :
since X doesn't have a finite subcover in 1 and P is finite

.
How I P, EO,

which

can't be covered by a finite subset of 1. Since P
, is a union of finitely many aute

P,
in Dr

,
one of these sets P also doesn't have a finite subsover in 1.

X
P2 Thes

,
PrEBs and REP,

· Continuing this way (by induction) , we obtain

a decreasing sequence (Pulna s .t
. PLCD

,
houce diamPuch

.
Pi
,
O2

Then (Palass is a decreasing sequence
of closed sets of vanishing diameter

since lim diam(q) = Lim lian(Pr) => him t = 0 . By completeness , 7 x Pr
.

U-S& n ->
n=)

Since te is a cover of&X
,
ZUEM with UEx

.
Hence Ba(x)U for come no 1 . Since

XEP and diaminth
,
we have PhBael so 403 :2 is a finite cover of P

, contrary to
its choice.

Remark
.
In general , if a top space is metrizable

,
it might have compatible metrics which

are complete and some which are not complete. Example .

On H
, 1) ,

the usual metric

is incomplete , but (1 , 1) is moneomorphic to (-d,) =R (by f(x) :=Ex ?)
so we can copy the completeetric from IR to G

,
1 by setting dolx := If(x)-fly)) ,

where F: (1
, 1)=ID) is a honeomorphism .

So (
, 1) has at least one complete and

at last one incomplete compatible metric. However
,
this is not the case with compact

metricable spaces :

Cor
.
If a compactlop space is metrizable

,
then all compatible metrics are complete.

Proof. This is (1 = (3) of the Heire-Bore Koem.



Compactness and products.

let X
,
Y be top. spaces . An X-slice is a set of the form Xx(y3 for some yEY. An openO

YX-tube is a set of the from XXV for some wonempty open VIY. OX-tubeI2. X+ (5)

Tobelemma
.

Let X
,
Y be dop spaces with X being compact

. Then for
X

each open WEXXY , ifW contains an X-slice X-390h
,
SotY,

then W contains an open X-tube XXVo2 X * (10).

Proof
.
For each XeX

,
since (x

, 4. EW 7
open rectangle (x

, 40) UxVx = W.
The

, hUxxeX is an open cover of X ,
Lance I finite subcover >Hx

, ...,
Uxnh.

Take V := Vx
,
1Vx1 ... 1 Vxu

,
then Vi = 1

,..,
n
, UxiXVoUxiXVxiEW

,

hence
u

Wa VUxiXVo = (, Uxi) + Vo = XXVo·
i= 1


